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The structure of 29-dimensional extended real Clifford-Dirac algebra, which has been introduced in our paper 
Phys. Lett. A, 201 1, 375, 2479, is considered in brief. Using this algebra, the property of Fermi-Bose duality of the 
Dirac equation with nonzero mass is proved. It means that Dirac equation can describe not only the fermionic 
but also the bosonic states. The proof of our assertion based on the examples of bosonic symmetries, solutions 
and conservation laws is given. Some statistical aspects of the spinor field Fermi-Bose duality are discussed. 
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1. Introduction 

Some new statistical aspects of the Dirac equation are considered. The Fermi-Bose (FB) duality of the 
spinor field has been originally mentioned by L. Foldy jj]. An extended consideration has been given 
in 0]. P. Garbaczewski proved 0] that the Fock space ,i5f F (H 3,M ) over the quantum mechanical space 
L 2 (R 3 ) ® C® M of a particle, which is described by the field <j> : M(1,N) — C® N , allows one to fulfill the 
dual FB quantization of the field in J€ v . Both the canonical commutation relations (CCR) and the anti- 
commutation relations (CAR) were used to realize the above mentioned quantization. Moreover, for both 
types of quantization, the uniqueness of the vacuum in was proved. The dual FB quantization was 
illustrated by various examples and in the spaces M(1,N) of arbitrary dimensions. The massless spinor 
field was considered in detail 01 . 

In our publications, the consideration of the FB duality conception of the field was extended by apply- 
ing the group-theoretical approach to the problem (we often referred to the FB duality as the relationship 
between the fields of integer and half-integer spins, see e.g. (Hi) . As the first step, we have considered 
in detail the case of massless Dirac equation. Both Fermi and Bose local representations of the universal 
covering & s S£ = SL(2,C) of proper ortochronous Poincare group P+ = T(4)x)L+ =5 Li = SO(l,3), with 
respect to which the Dirac equation is invariant, were found. The same was realized 1 6] for the slightly 
generalized original Maxwell equations, in which the complex valued 4-object <?(x) = E[x) - \H[x) of field 
strengths is the tensor-scalar (s=l,0) ^-covariant. In general, we have proved the existence of bosonic 
symmetries, solutions and conservation laws for a massless Dirac equation §13 . Thus, a systematic in- 
vestigation of the bosonic properties of a massless Dirac equation was carried out. 

In our investigations, we followed the authors of a number of papers, in which they considered the 
problem of the relationship between the Dirac and Maxwell equations starting from the very origin of 
quantum mechanics I8l4l8ll. However, the authors of these papers considered the simplest example of a 
free, massless Dirac equation and its relation to the Maxwell equations. Interest to such problems has 
grown after the investigations (3, \2(& of a physically meaningful case (i.e., mass is nonzero and the 
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interaction potential is nonzero too) and following our own research steps I21U23I1 in the same direction. 
Unfortunately, only stationary Dirac and Maxwell equations were considered. 

In another approach I2#|30II , the quadratic relations between the fermionic and bosonic amplitudes 
were found and applied. In our papers filR l2ll - [23ll and herein we discuss the linear relations between 
fermionic and bosonic amplitudes. 

Our results were further developed and employed by the authors of (illli^l . where the references to 
the above mentioned papers of ours were made. Nevertheless, the general case, where the mass in the 
Dirac equation is not equal to zero, is still open for investigations and considerations. 

Only recently 139144211 we were able to extend our consideration to a Dirac equation with a nonzero 
mass. The important step was as follows. We started with the Foldy-Wouthuysen (FW) ^4^1 representa- 
tion of the Dirac equation, and the results for a standard Dirac equation were found as a consequence 
of the FW transformation. In our papers liiUiill . bosonic representations of universal covering i£ = 
SL(2,C) of proper ortochronous Lorentz group = SO(l,3) were found, with respect to which the Dirac 
and FW equations with nonzero mass are invariant. The main results herein are the bosonic spin (1,0) 
representations of Poincare group £P, with respect to which these equations are invariant. These results 
were proved based on the 64 dimensional extended real Clifford-Dirac (ERCD) algebra and 29 dimen- 
sional proper ERCD algebra, which were taken into consideration in 1 3 9144211 and essentially generalized 
the standard 16 dimensional Clifford-Dirac (CD) algebra. 

Here we consider (i) the dual (fermionic and bosonic) symmetries liiHi^ of the FW 0] and Dirac 
equations with nonzero mass, (ii) continue the construction of bosonic solutions |44] of these equations 
and (iii) demonstrate the existence of both Fermi and Bose conservation laws for a spinor field. Thus, we 
present the third level proof of the FB duality of the Dirac equation. Moreover, the statistical analysis of 
the Dirac model of the spin 1/2 particle doublet description is presented. We prove that such an analysis 
can be successful only if one uses the standard quantum-mechanical probability amplitudes distribution 
with respect to the eigenvalues of complete sets of experimental observable quantum-mechanical phys- 
ical values. We presented in detail the corresponding quantum-mechanical stationary complete sets of 
operators of FB physical quantities. This allows us to demonstrate the statistical aspect of the spinor field 
FB duality. 

For our purposes we use the mathematical formalism of the ERCD algebra and proper ERCD alge- 
bra mm. 

In section 2, the necessary notations and definitions are presented. 

In section 3, the 29-dimensional proper extended real Clifford-Dirac algebra (i^-IHl, which is the 
mathematical basis of our consideration, is presented in brief. 

In section 4, the bosonic spin s = (1, 0) symmetry (4oH42ll of the FW and Dirac equations with nonzero 
mass is briefly considered as the first step in our proof of the Dirac equation FB duality. 

In section 5, we continue to construct the bosonic Hi spin s = (1,0) multiplet solutions of the FW and 
Dirac equations with nonzero mass. This is the second step in our proof of the Dirac equation FB duality. 

In section 6, the FB duality of the spinor field is demonstrated based on the example of the existence 
of both Fermi and Bose series of conservation laws for this field (i.e., the third step of our proof). 

In section 7, the statistical aspects of the spinor field FB duality are considered. 

In section 8, brief general conclusions are formulated. 

2. Notations and definitions 

The system of units H = c = 1 and metric g = (g^ v ) = (+ ), - g^ v a v , are taken. The Greek 

indices are changed in the region 0,1,2,3 = 0,3, Latin — 1,3, the summation over the twice repeated 
index is implied. The Dirac matrices in the standard Pauli-Dirac (PD) representation are used. Our 
consideration is fulfilled in the rigged Hilbert space S 3,4 c H 3,4 c S 3,4 *, where H 3,4 is given by 

H 3 ' 4 = L 2 (R 3 )®C® 4 = j(/>=(c^):R 3 -C® 4 ; j"d 3 Jt|/(f,x)| 2 < oo j (1) 

and symbol V in S 3,4 * means, that the space of Schwartz generalized functions S 3,4 * is conjugated to the 
Schwartz test function space S 3,4 by the corresponding topology. For more details see O . 
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We consider the ordinary CD algebra to be the algebra of 4 x 4 Dirac matrices in the standard PD 
representation in terms of the standard 2x2 Pauli matrices. 

For the purposes dealing with physics it is useful to consider the corresponding groups an algebras 
with real parameters (e.g., the parameters a - {a 11 ), co - {cu^ v ) of the translations and rotations for the 
group P+). Therefore, corresponding generators are anti-Hermitian. The mathematical correctness of 
such a choice of generators is verified in lijlliill . 



3. Proper extended real Clifford-Dirac algebra 

We consider the standard 16-dimensional CD algebra of the matrices to be a real one and add the 
imaginary unit i = \/-T together with the operator C of complex conjugation (the involution operator in 
the space H 3,4 ) into the set of the CD algebra possible generators. This enabled us to extend the standard 
CD algebra up to the 64-dimensional extended real CD algebra (i.e., ERCD algebra of lioHi^ ). Here, the 
subalgebras of the ERCD algebra are considered in brief. The most important are the representations in 
q®4 c jj3,4 Q f tne 29-dimensional proper ERCD algebra SO(8) spanned on the orts 



r 



where y = 



Y 



■ tVtY, 



r 5 = T yc, 



Y 



iyVc, 



:iy 



(2) 



1 




a k 


-1 
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-a k 



and a k are the standard Pauli matrices. The generators l[2) 



r A y B + y B r A =-25 AB , A, B = 1/7, 



(3) 



and the generators of the proper ERCD algebra a m = 2^ (together with the unit ort, 4x4 matrix I4, we 
have 29 independent orts I 4 , = 2s^) 



— -j — — [y^,y B ] , — — s 3 ^ — 



A,B= 1,8 



satisfy the commutation relations of SO(8) algebra 



(4) 



(S) 



In particular, the proper ERCD algebra SO(8), given by the 29 orts l|4}, is our I40h42II direct general- 
ization of the standard 16-dimensional CD algebra. It is also the basis for our dual FB consideration of a 
spinor field, which enabled us to prove the additional bosonic properties of this field. For physical appli- 
cations, we consider the realizations of the proper ERCD algebra in the field space S* (M(l, 3)) ® C® 4 = S 4,4 * 
of the Schwartz generalized functions and in the quantum mechanical Hilbert space H 3,4 Q}. These real- 
izations are found with the help of transformations V + SO{8)V~ , vSO{8) v, where the operators of trans- 
formations have the following form 



V ± = ^ ^ =, V: 

V2w((y+ m) 



I 2 
CI 2 



to 



+ m z , V = [d e ), I 2 



1 
1 



(6) 



Furthermore, the realizations of the proper ERCD algebra for bosonic fields are presented. 

We take into consideration the ERCD algebra (64 orts) and the proper ERCD algebra (29 orts) into 
the FW representation of the spinor field |43] (the advantages in comparison with the standard Dirac 
equation in definitions of coordinate, velocity and spin operators are well known from I43I1 ). In this rep- 
resentation, the equation for the spinor field (the FW equation) has the following form 



{dQ + \j a G))(p{x) = 0, xeM(1,3), 0eH 3 ' 4 ; 
and is linked with the Dirac equation 

{do + iH)ij;{x) = 0, H=a-p + pm; a = y°y 



(7) 



(8) 



43101-3 



V.M. Simulik, I.Yu. Krivsky, I.L. Lamer 



by the FW transformation V ± 

(j){x) = V~y/(x), ty/tx) = V + 0(x), V + y°S)V~ = a-p + pm. (9) 

Herein below, the ERCD algebra and the proper ERCD algebra J4) are essentially used in our proofs of 
bosonic properties of the Dirac and FW equations. The proper ERCD algebra has 29 independent orts 
presented in (4). m comparison with 16 independent orts of standard CD algebra, we can operate now 
with additional elements. These additional generators of SO(8) algebra enabled us to prove the additional 
bosonic symmetries of the FW and Dirac equations liiUiill and to construct additional bosonic solutions 
of these equations ([44] and section 5 below). Moreover, the anticommutation relations (3) were used in 
calculations. 



4. Bosonic spin 5 = (1,0) symmetry of the Foldy-Wouthuysen and Dirac 
equations 

An example of the construction of an important bosonic symmetry of the FW and Dirac equation is 
under consideration. A fundamental assertion is that subalgebra SO(6) of the proper ERCD algebra (|4), 
which is determined by the operators 



|l,a AB = 2s AS |, A,B=1,6, 



Y 



(10) 
(11) 



is the algebra of invariance of the Dirac equation in the FW representation £7) (in fLl) the six matri- 
ces {f} = {y 1 ,y 2 ,f ,y 4 ,f ,y 6 ',} are known from (|2)). Algebra SO(6) contains two different realizations of 
SU(2) algebra for the spin s=l/2 doublet. By taking the sum of the two independent sets of SU(2) generators 
from dm . one can obtain the SU(2) generators of spin s = (1,0) multiplet, which generate the transforma- 
tion of the invariance of the FW equation fT). These operators can be presented in the following form 



S= (S J ) = CSmn) = \ [ff ~ ffC, ff + if ft, ff ~ , 

where the corresponding orts of the ERCD algebra in bosonic representation are given by 
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The spin operators (12) of SU(2) algebra, which commute with the operator do + iy°S of the FW equa- 
tion 0, can also be presented in an explicit form 
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The calculation of the Casimir operator for the SU(2) generators (14) gives the following result 



s =-1(1 + 1) x 



I 3 




Transition from the fundamental representation A of the ERCD algebra to the bosonic representation 
B is fulfilled B = ffAW" 1 using the operator W: 



W = 





V2 











1 








1V2.C 










-c 





1 







-c 





-1 



W~ L = 



sjl 



i\/2C 




-C -C 



1 -1 



WW' 1 = W~ l W = \ A . 



(15) 

Based on the spin operators (12), (14), the bosonic spin (1,0) representation of the Poincare group gp 
is constructed. It is easy to show (after our consideration in |43] and above) that generators 



d k (sx^)t 

p = -i7o«, Pn = d n , ji„ = xid n -x n di + si„, j ok = x d k + iy < x k bo + — + ■ 



26) 



co+ m 



(16) 



of group g? commute with the operator of the FW equation and satisfy the commutation relations 
of the Lie algebra of the group 3* in a manifestly covariant form. In the space H 3,4 , the operators (16) 
generate a unitary g? representation differing from the fermionic ^-generators according to equations 
(D-64)-(D-67) in [lj], i.e., the bosonic £5* B representation of the group g?, with respect to which the FW 
equation is invariant. For the generators (16) , the Casimir operators have the following form: 



u 2 



W°= wt l w fl =m z s z = -m+l)m 



Is 




(17) 



Hence, according to the Bargman-Wigner classification, here we consider the spin 5 = (1,0) representa- 
tion of the group SP. 

The corresponding bosonic spin s = (1,0) symmetries of the Dirac equation (8) can be found from the 
generators ( 116) using the FW operator (6) in bosonic representation, i.e., WV* W~ l . 

More complete and detailed consideration of the bosonic symmetries of the FW and Dirac equation 
was given in |10- 12|. 



5. Bosonic spin s = (1,0) multiplet solution of the Foldy-Wouthuysen 
and Dirac equations 

Here, as the next step in FB duality investigation, we consider the bosonic solution of the Dirac (FW) 
equation. A bosonic solution of the FW equation is found completely similarly to the procedure of 
construction of standard fermionic solution. Thus, the bosonic solution is determined by some stationary 
diagonal complete set of operators of bosonic physical quantities for the spin s = (1,0) -multiplet in the 
FW representation, e.g., by the set "momentum-spin projection s 3 ": 

(p = -V, ?), (18) 

where the spin operators I and s 3 for the spin s = (1,0) -multiplet are given in (12), (14) . The fundamental 
solutions of equation 0, which are the common eigensolutions of the bosonic complete set (18) , have the 
following form 

wZ{t,x) = — 1 - T7 Tre~ ikx d T , wt(t,x) = — ^e ifc:c d f , kx = cot- k- x, (19) 

*fcr (2,1)3/2 V k r" {2 7l) 312 

where d a = (<5^) are the Cartesian orts in the space C® 4 c H 3,4 , numbers r = (1,2), f = (3,4) mark the 
eigenvalues (+1,-1,0,0) of the operator s 3 from (12) . (14) . 



43101-5 



V.M. Simulik, I.Yu. Krivsky, I.L. Lamer 



The bosonic solutions of equation are the generalized states belonging to the space S 3,4 * ; they form 
a complete orthonormalized system of bosonic states. Therefore, any bosonic physical state of the FW 
field (p from the dense in H 3,4 manifold S 3,4 (the general bosonic solution of the equation 0) is uniquely 
presented in the following form 



(.271) 



[ d 3 fck r (fc)d r e- ifc * + r f (fc)d f e ifcx 



(20) 



where are the coefficients of the expansion of bosonic solution of the FW equation with respect 
to the Cartesian basis (19). The relationships of amplitudes ^{k) with quantum-mechanical bosonic am- 
plitudes b(k) of probability distribution according to the eigenvalues of the stationary diagonal complete 
set of operators of quantum-mechanical bosonic s = (l,0)-multiplet are presented by 



b 4 ); b 



1,2,3,4 



(A:) = b+ 



,0,0 



(fc), (21) 



where the 4 amplitudes b l,2 ' 3,4 (k) are the quantum-mechanical momentum-spin amplitudes with the 
eigenvalues (+ 1, - 1, 0, 0) of the projection s 3 on the axe 3 of the quantum mechanical spin 5 = (1,0) mul- 
tiplet operator s, respectively (the last eigenvalue is related to the proper zero spin). Thus, if </>(i,o) M e 
S 3,4 , then the bosonic amplitudes <f (k) belong to the Schwartz complex-valued test function space too. 

Moreover, the set {<p{\,o) [x)} of solutions ((20) is invariant, in particular, with respect to the unitary 
bosonic representation of the group which is determined by the generators (16) and Casimir opera- 
tors (T7). Therefore, the Bargman-Wigner analysis of the Poincare symmetry of the set {0rj.,o) (x)} of solu- 
tions (20) manifestly demonstrates that this is the set of Bose-states </>(i,o) of the field cf>, i.e., the s = (1,0)- 
multiplet states. Hence, the existence of bosonic solutions of the FW equation is proved. 

In terms of quantum-mechanical momentum-spin amplitudes b a [k) from (21), the bosonic spin (1,0)- 
multiplet solution if/ -V + <p of the Dirac equation (8) is presented by 



Vd,o) (x) 



f d 3 fc|e- ifcx b l vy(k)-^=[b 3 + b 4 )v2(k) 



+e ikx ib* 2 vt (k) + ^{b* 3 - b* 4 ) vt ik) 
i \/2 



(22) 



where the 4-component spinors are the same as in the Dirac theory of the fermionic doublet 



v -(k) = N 



(ffi + m)d r 

(CT-fc)d r 



Vi{k) = N 



(fJ-fc)dr 

(fi + m)d r 



N = 



1 



\/2S((5 + m) 



di = 



(23) 



The well known (i.e., standard) Fermi solution of the Dirac equation for the spin 5=1/2 doublet has 
the following form 

V(x) = * 2 J d 3 fc[e- ifcx a r -(fc)y r -(fc) + e ifcx a r + (fc)i; r + (fc)] , (24) 

where the physical sense of the amplitudes a~ (k), a£ (k) is explained in (47ll . 

All the above assertions concerning the FB duality of the spinor field are valid both in FW and PD 
representation, i.e., for both FW and Dirac (8) equations. The transition between FW and PD represen- 
tations is fulfilled by the FW transformation (6). 



6. The Fermi-Bose conservation laws for the spinor field 

Let us briefly note the FB conservation laws (CL) for the spinor field. It is preferable to calculate 
them in the FW (nonlocal PD) representation too. In FW representation, the Fermi spin ?= (s 23 , s 31 , s 12 ) 
from (TT) (together with the "boost spin") is the independent symmetry operator for the FW equation. 
The orbital angular momentum and pure Lorentz angular momentum (the carriers of external statistical 
degrees of freedom) are independent symmetry operators in this representation too (one can also find 
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the corresponding independent spin and angular momentum symmetries in the PD representation for the 
Dirac equation, but the corresponding operators are essentially nonlocal). Hence, one obtains 10 Poincare 
and 12 additional (3 spin, 3 pure Lorentz spin, 3 angular momentum, 3 pure angular momentum) CL. 

Therefore, in the FW representation, one can easily find 22 fermionic and 22 bosonic CL. The di- 
vision into bosonic and fermionic set is caused by the existence of FB symmetries and solutions. In- 
deed, if substitution of bosonic £P generators q (16) and bosonic solutions ( 120) into the Noether formula 
Q - f d 3 xcf>^ {x)q<p{x) is made, then automatically the bosonic CL for 5 = (l,0)-multiplet are obtained. 
The standard substitution of the corresponding well known fermionic generators and solutions presents 
fermionic CL. 

We briefly illustrate the difference in fermionic and bosonic CL based on the example of the corre- 
sponding spin conservation. For a fermionic spin 



s- U23.S31. S12) = (S e ) = - 



a 
a 



3 1 
s = - 
2 



10 
0-100 
10 
-1 



(25) 



and for a bosonic spin (12), (14) , the CL are given by 



m =j d 3 x0 f ( 



■/ 



(x)s mn (p(x) = 



(26) 



d 3 jc0 + (jc)s mn 0(jc)= / <TkB T {k)s mn B(k), 



l 3 I-Rtf 



where 



A{k) = column(a;, aZ, a* ' , B(k) = column (fo 1 , b z , b* 3 , b* 4 ) 



(27) 



(28) 



We present these CL in terms of quantum-mechanical Fermi and Bose amplitudes. All integral con- 
served quantities have an explicit quantum-statistical form. 



7. The Fermi-Bose duality and the Fermi-Bose statistics 



An adequate statistical quantum-mechanical sense of the coefficients a~ (k), cq (k) in the expansion 1241 
over the basis solutions (23) of the Dirac equation is found in the same way but with the help of transition 
(f)[x) = V~yr(x) (9), (6) to the FW representation I43h . Indeed, the statistical sense of the FW field (p{x) is 
evidently related to the statistical sense of the particle-antiparticle doublet in relativistic canonical quan- 
tum mechanics HiHH] of this doublet. It is shown in (iJ that 



</> = 











(29) 



where <p + (x) are the relativistic quantum-mechanical wave functions of the particle-antiparticle doublet. 

The solution of the FW equation (7) expanded over the eigenvectors of quantum-mechanical fermi- 
onic stationary diagonal complete set of operators (momentum p, projection s 3 of the spin 5q uant -- mech - 
and sign of the charge g = -y°) has the following form 



—Kit f d3fc l 
(2tt) 3/2 J I 



e ' lkx \a~{k)Ai + a~_{k)A 2 \+e lkx \t 



"(fc)d3 + a 



; + (fc)d 4 ]}, 



(30) 



where the coefficients of expansion a + (k), a_ (k), at (k), a+ (k) denote the statistical quantum-mechanical 
amplitudes of probability distribution over the eigenvalues of the above mentioned fermionic stationary 
complete set of operators. The 4-columns d a = (5^) are the Cartesian orts in the space C® 4 c H 3,4 . In order 
to obtain the most adequate and obvious statistical quantum-mechanical interpretation of the amplitudes 
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and solutions, the spin projection operator in a complete set (momentum p, projection s 3 of the spin 
jquant.-mech. an( j s jg n Q f tne cnar g e g - is taken in the quantum-mechanical form 1 48] 



jquant.-mech. 



a 
0-CctC 



^quant.-mech. _ ^3 



1 
-1 







-1 
1 



(31) 



rather than in the canonical field theory form ([25). The statistical sense of the amplitudes is conserved in 
the solution [tfr(x) = V + (p{x) (9), <6>] 



y/ix) = 1 J d 3 k\e~ ikx \aZ (fc) v 7 (fc) + cC (fc) i/J (fc) ] 
+e ikx \ al + (fc) 1/+ (fc) + < + (fc) 4 (fc) j I 



(32) 



of the Dirac equation (8) in its standard local representation. The amplitudes aZ{k), aZ (fc), ffl^ (fc), a+ (fc) 
in the fermionic solutions (30) and (32) of the FW and Dirac equations are one and the same. Thus, a~ (fc), 
aZ (fc) are the quantum-mechanical momentum-spin amplitudes of the particle with charge - e and eigen- 
values of spin projection +1/2 and -1/2; at (fc), a+(fc) are the quantum-mechanical momentum-spin 
amplitudes of the antiparticle with charge +e and eigenvalues of spin projection -1/2 and +1/2, respec- 
tively. 

Statistical quantum mechanical sense of the bosonic amplitudes b a (k) of bosonic solution (22) of the 
Dirac equation (8) is found in the same way and is explained in section 5 in the process of constructing 
this solution. 

The relationship between the fermionic aZ{k), aZ{k), az(k), a+(fc) and bosonic fo 1,2,3,4 (fc) = b + ~' 0, -(k) 
amplitudes in one and the same (arbitrarily fixed) physical state of FB dual field y/ is presented by the 
unitary operator U in the following form: 



a + 




V2 


aZ 


1 





aZ 







aZ 











-iv^ 








-1 



1 

71 



V2 

1V2 

0-101 
0-10-1 



(33) 



Relationships (33) follow directly from the comparison of the solutions (22) and (32) . 

Note that the set of fermionic solutions {y/ F } (32) of the Dirac equation is invariant with respect to 
the well known induced fermionic representation of the Poincare group 5* 1491 . see also formula 
(19) in the paper Hi]]). The set of bosonic solutions {i// B } (22) of the Dirac equation is invariant with 
respect to the induced bosonic £P B representation of the Poincare group &> (formula (21) in the pa- 
per j42ll ). However, the relationships (33") between the fermionic aZ{k), al(fc), aZ (fc), aZ{k) and bosonic 
fo 1 ' 2 ' 3,4 (fc) = b + ~' 0, -(fc) amplitudes do not change in any inertial frame of references. 



8. Conclusions 

The 64 dimensional ERCD and 29 dimensional proper ERCD algebras, which have been put into con- 
sideration in i4ol+42ll , are useful generalizations of the standard 16 dimensional CD algebra. Application 
thereof enabled us to prove the existence of additional bosonic symmetries, solutions and conservation 
laws for the spinor field, the Foldy-Wouthuysen and the Dirac equations. The investigation of the spinor 
field in the Foldy-Wouthuysen representation has the sense and purpose of its own. This representa- 
tion is of great interest in itself, especially in connection with the recent result lioll by V. Neznamov, 
who developed the formalism of quantum electrodynamics in the Foldy-Wouthuysen representation, see 
also the results in (sill . The property of the Fermi-Bose duality of the Dirac equation (both in the Foldy- 
Wouthuysen and the Pauli-Dirac representations), which proof was started in 139144211 . where the bosonic 
symmetries of this equation were found, is demonstrated herein on the next level, i.e., on the level of 
the existence of the spin (1,0) bosonic solutions of the equation under consideration and corresponding 
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bosonic conservation laws. Similarly, the fermionic spin s = 1/2 properties for the Maxwell equations 
both with nonzero and zero mass can be proved (see e.g., the procedure given in (6|]). 

In any case, we do not change the main well known postulates and theory of the Fermi-Bose statis- 
tics. Our results have another, principally new meaning. In our approach, the Fermi-Bose duality of the 
spinor field found in (2J] is proved based on the examples of the existence of bosonic symmetries (sec- 
tion 4) and solutions (section 5) of the Dirac equation with nonzero mass together with the confirmation 
of the bosonic conservation laws (section 6) for the spinor field. This opens up new possibilities for apply- 
ing the Dirac equation to the description of bosonic states. Thus, the property of the Fermi-Bose duality of 
the Dirac equation that was proved in our publications jiiHizTl and in the present paper does not break 
the Fermi statistics for fermions (with the Pauli principle) and Bose statistics for bosons (with Bose con- 
densation). We have never mixed up the Fermi and Bose statistics as well. Our assertion is as follows. One 
can apply with equal success both Fermi and Bose statistics for one and the same Dirac equation and for 
one and the same spinor field, i.e., the Dirac equation can describe both fermionic and bosonic states. 
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AesiKi CTaTMCTMHHi acneKTi/i <DepMi-Eo3e Aya/ii3My 
cniHopHoro nana 

B.M. Ci/i My/i UK, I.KD. Kpi/iBCbKi/m, IJ1. /laiviep 

iHCTHTyT e/ieKTpoHHoi <j)i3HKH, Hai^ioHa/ibHa aKafleMifl HayK YKpaiHH, 
By/i. YHiBepcuTeTCbKa, 21, 88000 yxropofl, VKpama 

KopoTKO po3ryiaflaeTbC5i CTpyKTypa 29-BHMipHOi po3LuwpeHo!fliiiCHOi a/ire6pw K/iic|x|>op,qa-flipaKa, flKa 6y/ia BBe- 
fleHa b po3M«fl y Hauim ny6/iiKai4iT Phys. Lett. A, 201 1, 375, 2479. Ha ocHOBi uieT a/ire6pn flOBOflHTbcn B/iac™- 
BiCTb ct>epMi-E03e flya/ii3My piBHHHHH flipaKa 3 HeHy/ibOBOio Macoio. LLe 03Ha4ae, U40 piBHHHHfl flipaKa Moxe 
onncyBa™ He /lnwe (fiepMiOHHi, a/ie \a 6o30HHi CTami. /JoBefleHHfl flaeTbca Ha npnioiaflax HaflBHOcri 6o30hhhx 
cuivieTpiPi, po3B'5i3KiB Ta 3aKOHiB 36epe>KeHHfl. Po3M5iHyTO fle^Ki cTaTucTHMHi acneK™ <t>epMi-5o3e flya^i3My 
cniHopHoro no/in 

K/iKJMOBi c/ioBa: cniHopne none, cwMerpin, TeopemKO-rpynoBHfi aHa/113, cynepcHMerpin, npeflcraBJieHHH 
t>onp,i-Bayixav\3ena, a/ire6pa Knitp^opfia-flipaKa, QepMi-5o3e ffyam3M 



43101-10 



